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Abstract. This article analyzes the interplay between symplectic geometry in dimen- 
sion four and the invariants for smooth four-manifolds constructed using holomorphic 
triangles introduced in [18]. Specifically, we establish a non- vanishing result for the 
invariants of symplectic four-manifolds, which leads to new proofs of the indecompos- 
ability theorem for symplectic four-manifolds and the symplectic Thom conjecture. As 
a new application, we generalize the indecomposability theorem to splittings of four- 
manifolds along a certain class of three-manifolds obtained by plumbings of spheres. 
This leads to restrictions on the topology of Stein fillings of such three-manifolds. 



1. Introduction 

In [18], we constructed an invariant for smooth, closed four-manifolds (using holo- 
morphic triangles, and the Floer homology theories defined in [17] and [16]). The aim 
of the present article is to investigate this invariant in the case where X is a closed, 
symplectic four-manifold. Our first result is the following: 

Theorem 1.1. If{X,uj) is a closed, symplectic manifold with > 1, then for the 

canonical Spin^ structure k, we have that 

^x,k = ±1. 

Moreover, if s & Spin'^(X) is any Spin'^ structure for which ^x,s ^ 0, then we have the 
inequality that 

{ci{k),uj) < (ci(s),u;), 

with equality iff k = s. 

The above can be seen as a direct analogue of a theorem of Taubes concerning the 
Seiberg-Witten invariants for symplectic manifolds, see [22] and [23]. However, the 
proof (given in Section 5) is quite different in flavor. While Taubes' theorem uses the 
interplay of the symplectic form with the Seiberg-Witten equations, our approach uses 
the topology of Lefschetz fibrations, together with general properties of HF^ . As such, 
our proof relies on a celebrated result of Donaldson [4], which constructs Lefschetz 
pencils on symplectic manifolds, see also [1] and [21]. 

Combined with the general properties of $ (see [18]), the above non- vanishing theorem 
has a number of consequences. 
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1.1. New proofs of known results. Theorem 1.1 can be used to reprove the inde- 
composabihty theorem for symplectic four-manifolds, a theorem whose Kahler version 
was established by Donaldson using his polynomial invariants [3] , and whose symplectic 
version was estabhshed by Taubes using Seiberg-Witten invariants [22] : 

Corollary 1.2. (Donaldson: Kahler case; Taubes: symplectic case) If {X,u) 

is a closed symplectic four-manifold, then it admits no smooth decomposition as a con- 
nected sum X — Xi^X2 into two pieces with b2{Xi), 6j(X2) > 0. 

Proof. This follows immediately from the non- vanishing result in Theorem 1.1, 
together with the vanishing result for $ for a connected sum, Theorem 1.3 of [18] 
(which in turn follows easily from the definition of $). □ 

In the course of proving Theorem 1.1, we establish a certain "adjunction relation", 
which can be seen as an analogue of an earlier adjunction relation from Seiberg-Witten 
theory (see [7] and [19]). Together with Theorem 1.1, this relation gives a new proof of 
the symplectic Thorn conjecture. Note that this question has a long history in gauge 
theory. Various versions were proved in [12], [11], [14], and the general case (which we 
reprove here) is contained in [19]. 

Theorem 1.3. // {X,uj) is a symplectic four-manifold and H d X is an embedded, 
symplectic submanifold, then E is genus-minimizing in its homology class. 

1.2. Generalized indecomposability. We will generalize the indecomposability the- 
orem for symplectic four-manifolds (Corollary 1.2) to a large class of plumbed three- 
manifolds, in place of S^. 

By a weighted graph we mean a graph G, equipped with an integer-valued function m 
on the vertices of G. Recall that for each weighted graph, there is a uniquely associated 
three-manifold Y{G,m), which is the boundary of the associated plumbing of disk 
bundles over spheres (the integer multiplicities here record the Euler numbers of the 
disk bundles). The degree of a vertex v in a. graph G, denoted d{v), is the number of 
edges which contain the given vertex. 

Theorem 1.4. Let Y — Y{G,m) be a plumbed three-manifold, where {G,m) satisfies 
the following conditions: 

• G is a disjoint union of trees 

• at each vertex in G, we have that 

(1) m{v) > d{v). 

Then no closed, symplectic four-manifold {X, uj) can be decomposed along Y as a union 

X — X\ Uy X2 

into two pieces with 62 (-'^i) > and 6^(X2) > 0. 
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Note that in the special cases where Y is x or a lens space, the above theorem 
was known using Seiberg-Witten theory. 

Corollary 1.5. Let G be a weighted graph satisfying the hypothesis of Theorem 1.4- If 
X is any Stein four-manifold with dX = ±Y{G), then = 0. 

Proof. According to [13], such a Stein manifold W can always be embedded in a 
surface of general type X, so that b2{X — W) > 0. Thus, the corollary follows from 
Theorem 1.4. □ 

Note that —Y{G) always admits a Stein filling with = 0, using a theorem of 

Eliashberg [6], see also [9]. 

Theorem 1.4 follows from Theorem 1.1, coupled with a vanishing invariant for four- 
manifolds admitting a decomposition along Y{G,m). In turn, this vanishing theorem 
follows from from a Floer homology calculation for plumbings along graphs which sat- 
isfy the hypotheses of Theorem 1.4. Of course, it is interesting to consider plumbing 
diagrams which do not satisfy Inequality (1). For this more general case, one does not 
expect such a strong vanishing theorem - for instance, any Seifert fibered space with 
bi{Y) = can be obtained as a plumbing along a tree. We return to the general case 
of three-manifolds obtained as plumbings along trees in a future paper, [20]. 

1.3. Organization. This paper is organized as follows. In Section 2 we rapidly review 
some of the basic notions used throughout this paper, specifically regarding Lefschetz 
fibrations. We also extend the four-manifold invariant $ defined in [18] to the case where 
the the four-manifold X has = 1. In Section 3, we derive the adjunction relation 
Theorem 3.1 which is used later in the proofs of Theorems 1.1 and 1.3. In Section 4, 
we calculate $ for the K3 surface. In Section 5, we prove Theorem 1.1, along with an 
auxiliary non- vanishing result for the Floer homology groups of a three-manifold which 
fibers over the circle. One ingredient in this proof is the K3 calculation in the previous 
section. In Section 6, we deduce Theorem 1.3 from Theorems 1.1 and 3.1. In Section 7, 
we provide the Floer homology calculations which lead to Theorem 1.4. 

This paper, of course, is built on the theory developed in [17], [16], and [18], and 
it is written assuming familiarity with those papers. Important properties of the four- 
dimensional invariant $ (which will be used repeatedly here) are summarized in Sec- 
tion 3 of [18]. Moreover, at two important points in the present paper (when calculating 
the invariant for the K3 surface, and when finding examples of three-manifolds with 
non-trivial Floer homology which fiber of the circle) we rely on some of the calculations 
of Floer homology groups given in [15], see especially Section 8 of [15]. 

1.4. Further remarks. For the purposes of proving Theorem 1.3, we extend the in- 
variant $ to four- manifolds with 6^(X) = 1. As one expects from the analogy with 
gauge theory, the invariant in that case has additional structure. For our purposes, it 
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suffices to construct $ as the invariant of a four-manifold equipped with a hue L inside 
H2{X; Q) consisting of vectors with square zero. This line corresponds to a choice of a 
"chamber at infinity" (compare [2]). We hope to return to this topic in a future paper. 

The pseudo-holomorphic triangles in the g'-fold symmetric product of the Heegaard 
surface implicit in the statement of Theorem 1.1 naturally gives rise to a locus inside 
X. It is quite interesting to compare this object with the pseudo-holomorphic curve 
constructed by Taubes in [24]. This may also provide a link with the work of Donaldson 
and Smith, see [5]. 

Acknowledgements. It is our pleasure to thank Andras Stipsicz for some very helpful 
discussions. 
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2. Preliminaries 

Wc collect here some of the prehminaries for the proof of Theorem 1.1. In Subsec- 
tion 2.1, we review some standard properties of Lefschetz fibrations, mainly to set up 
the terminology which will be used later. For a thorough discussion of this topic, we 
refer the reader to [9]. We then return to some properties of HF^, building on the 
results from [18]. 

2.1. Lefschetz fibrations. Let C be an oriented two-manifold (possibly with bound- 
ary). A Lefschetz fibration over C is a smooth four- manifold W and a map tt: W — > C 
with finitely many critical points, each of which admits an orientation-preserving chart 
modeled on (w, G C^, where the map tt is modeled on the map — > C given by 
{w,z) w"^ + z^. Moreover, we will always assume that any two critical points map to 
different values under tt. 

li n: W — )• C has no critical points, then the fibration endows W with a canonical 
almost- complex structure, characterized by the property that the fibers of tt are J- 
holomorphic. Since a Spin'^ structure over a four-manifold is specified by an almost- 
complex structure in the complement of finitely many points, a Lefschetz fibration 
endows W with a canonical Spin'^ structure, which we denote by k. We adopt here the 
conventions of [22]: the first Chern class of the canonical Spin'^ structure agrees with 
the first Chern class of the complex tangent bundle (on the locus where the latter is 
defined) . 

A Lefschetz fibration is said to be relatively minimal if none of the fibers of tt contains 
exceptional spheres - i.e. spheres whose self-intersection number is —1. 
Lefschetz fibrations over the disk D 

tt:W — >D 

(with n critical points) can be specified by an ordered n-tuple of simple, embedded 
curves ti, ...,t„ in F. The space W then has the homotopy type of the two-complex 
by attaching disks to F along the curves. Homologies between the [r^] gives rise to 
homology classes in W. More precisely, we can identify 

H2{W; Z) ^ Z e Ker (Z" — > Hi(F; Z)) , 

where the first Z factor is generated by the homology class of the fiber F, and the map 
Z" — > Hi{F; Z) is the map generated by taking multiples of the homology classes of 
[ri],...,[r„] in/Ji(F;Z). 

Relative minimality in this case is equivalent to the condition that none of these 
distinguished curves in F bound disks in F. 

Lemma 2.1. Suppose that P d F is a two-dimensional manifold-with-boundary whose 
boundary is some collection of curves among the {ti, t„} (each with multiplicity one). 
Let P denote the closed surface in W obtained by attaching copies of vanishing cycles 
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to P. Then, 



9{P) 




PP 



{c,{k),[P])+P-P 



Proof. The equality on the genus is obvious. The self-intersection number of P follows 
from the fact that the vanishing cycles are finished off with disks with framing —1. The 
final equation is a local calculation, in view of the fact that the determinant bundle of 
the canonical Spin'^ structure is identified, in the complement of the singular locus, with 



A Lefschetz fibration over a disk bounds a three-manifold which is a surface bun- 
dle over the circle. Such a circle bundle is uniquely given by the mapping class of its 
monodromy (a mapping class of a two-manifold is an orientation-preserving diffeomor- 
phism, modulo isotopy). Recall that a (right-handed) Dehn twist of the annulus (using 
the conventions of [9]) is a diffeomorphism ^' of [0, 1] x which fixes the boundary 
pointwise, and satisfies the additional property that the intersection number of an 



More generally, a (right-handed) Dehn twist about a curve r C F is a self-diffeomorphism 
Dt- of F whose restriction to some annular neighborhood of r is a right-handed Dehn 
twist of the annulus, and which fixes all points in the complement in F of the annular 
neighborhood. If the Lefschetz fibration has a unique critical point, then its monodromy 
is a Dehn twist about some curve r in the fiber F. More generally, if the fibration has 
critical values {xi, a;„}, then we can find the tuple of curves (ri, r„) by embedding 
a bouquet of n circles in D — {xi, ...,Xn}, so that the winding number of Tj around 
Xj is Si J. Then, the monodromy about the i*'* circle is a Dehn twist about Tj. Thus, 
the monodromy map around the boundary of the disk is given as the product of Dehn 
twists Dt-^ o ... o D^^. 

Note that the curves (ti, ...,t„) obtained from a Lefschetz fibration as above depend 
on the embedding of the bouquet of circles. By changing the homotopy classes of the 
embedded circles, we can vary the curves (ti,...,t„) by Hurwitz moves, moves which 
carry the tuple (n, Ti, n+i, r„) to (n, n+i, Dri+^{Ti), t„). 

It is well-known that any orientation-preserving automorphism of F extends to a 
Lefschetz fibration over the disk. Indeed, we find it convenient to formulate this fact as 
follows: 

Theorem 2.2. (see [10]j The mapping class group is generated as a monoid by Dehn 
twists along finitely many non- separating curves. Indeed we can choose the generating 
set {ti, ...,t^} so that their homology classes span i7i(E;Z), all homological relations 



the bundle of fiber-wise tangent vectors. 



□ 



#([0,l]x{x}nV^([0,l]x{a:})) 



-1. 
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between the curves are generated (over 1^) by special relations in which the homology 
classes of [r]i appear with multiplicities zero or 1, and the curves which appear with- 
non-zero multiplicities in these relations can be chosen to be disjoint from one another. 



.+1 • Da 



g — i+l 



Proof. It is a theorem of Humphries (see [10]) that the mapping class group is 
generated (as a group) by the 2g + 1 curves {cti, ag, Pg, 5} which are pictured 

in Figure 1. 

Now, it is easy to see that if we include in addition the curve e, then we can express 
the inverses of Dehn twists along all of the CKj and as positive multiples of Dehn twists 
along copies of all the ctj, Pj, and e. This can be seen, for example, from the identity: : 

which in turn can be obtained by exhibiting a Lefschetz fibration over the two-sphere 
whose monodromy representation is given by the above curves. (That Lefschetz fibration 
is obtained by viewing the elliptic surface E{2g) as a genus 2g fibration over the two- 
sphere - see Chapter 8 of [9] for an extensive discussion). It remains to capture 5~^. To 
this end, we observe that F has a rotational symmetry 0: F — > F with the property 
that we can introduce a new curve a^+i so that for i = 1, ...,g, \l'(/9j) = Pj where j = i+1 
(mod g), for i — 2, ...,g, ^(aj) = ctj+i, ^(ctp+i) = a2, ^(e) = cti, and finally ^(ai) = 
S. It is now clear that the mapping class group is generated as a monoid by Dehn 
twists about the 2g + 3 curves {ai, ...,ag+i, f3i, i3g,6,e}. For homological relations 
between these curves, observe that the homology classes of the {ai, a^, 
span i?i(S; Z). It follows that the following three relations span all relations: 

["i] + ["2] + [S] = 0, 
[e] -t- [ctg+i] + [ai] = 0, 
[as] + ... + [oig+i] = 
(See Figure 2 for an illustration in the case where (7 = 4.) □ 





Figure 1. Generators of the mapping class group. Dehn twists 
about the pictured curves {ai, ctg, 5} generate the mapping 
class group. The additional curve e is discussed in the proof of Theo- 
rem 2.2. 
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Figure 2. Monoid generators of the mapping class group, g = 4. 

Dehn twists about the pictured curves {ai, a^, (3i, ^4, e, S} generate 
the mapping class group as a monoid. The symmetry "if described in the 
proof of Theorem 2.2 is reahzed by a 90° clockwise rotation of this picture. 

Recall that a Spin^ structure over a thrcc-manifold F is a suitable equivalence class of 
nowhere vanishing vector field over Y. A thrcc-manifold which fibers over the circle has 
a canonical Spin'^ structure, induced by a vector field which is everywhere transverse to 
the fibers. When Y bounds a Lefschetz fibration over a disk, this Spin*^ structure is the 
restriction of the canonical Spin'^ structure of the Lefschetz fibration. 

2.2. Symplectic manifolds and Lefschetz fibrations. A symplectic structure on a 
four-manifold (X, uj) gives the manifold an isotopy class of almost-complex structures, 
and hence a canonical Spin'^ structure. Symplectic manifolds can be blown up, to con- 
struct a new four-manifold X, which is diffeomorphic to the connected sum of X with 
the complex projective plane given the opposite of its complex orientation. Symplec- 
tically, X is obtained by gluing the complement of a ball in X to a neighborhood of 
a symplectic two-sphere E with self-intersection number —1. Note that the canonical 
Spin'^ structure k is the Spin'^ structure which agrees with k in the complement of E, 
and which satisfies 

{c,{k),[E])^+l. 
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In [4], Donaldson showed that if {X,uj) is a symplcctic four- manifold, then after 
blowing up X sufficiently many times, one obtains a new symplectic four-manifold 
{X,u}) which admits a Lefschetz fibration 

TT-.X^S^. 

In fact, the fibers of n are symplectic, and hence the canonical Spin^ structure of the 
symplectic form agrees with the canonical class of the Lefschetz fibration in the sense 
of Subsection 2.1. 

2.3. Preliminaries on HF^. Let t be a Spin'^ structure on an oriented three- manifold 
Y. If ci(t) is a torsion class, we simply call t a torsion homology class. The divisibility 
of a 5 structure is the quantity defined by 

0(t)= gcd {ci{t)UC,[Y]). 

Lemma 2.3. Let Y be a three-manifold equipped with a non-torsion Spin'^ structure t, 
and let t)(t) = c? denote its divisibility, then 

(1 - U'^I^)HF°°{Y, t) = 0. 

Proof. This is an easy consequence of the material in Section 11 of [16]. Specifically, it 
is shown there (Theorem 11.3) that the twisted version of is, HF °°(Y, t) is a free 

Z[U,U-^] module, endowed with the Z[H\Y]Z)] action where e'* {h e H^{Y;Z)) acts 
as multiplication by f/<^'^'-'<^iW'[^l)/2. There is a universal coefficients spectral sequence 
converging to the untwisted version HF°°{Y) (as a Z[U,U~^] module), and whose E2 
term is given by 

ToT^^u,u-^{HFf{Y,t),Z[U,U-']), 

where here the Z[C/, U~^] is given a trivial action by Z[H^{Y; Z)]. Observe that we have 
a free resolution of HFfjY, t) as a module over A = Z[C/, C/-^] ®j, Z[H^{Y; Z)], given 

by 

where hi is a basis for H^(Y; Z), and Ui = (ci(t) U /ij, [y]). So, the E2 term of the above 
sequence is simply calculated by the homology of 

Bearing in mind that 

(and all higher Tor' vanish), where here c = gcd(a, 6), it follows easily that C/''/^ — 1 
annihilates this E2 term (in view of the fact that d is the greatest common divisor of the 
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integers (ci(t) U hi, [Y])/2 for i — 1, ...,bi{Y)), and hence it also annihilates HF°°{Y) 
with untwisted coefficients. □ 

Let y be a closed, oriented three-manifold. It follows from Lemma 2.3 and the 
finiteness of HF^cd{Y) that for any sufficiently large integer k so that if t is a non- 
torsion Spin'^ structure with divisibility d, then 

(1 - U"'/') : HF-{Y, t) HF~JY, t) 

defines a projection map of HF~(Y, t) onto HF~^(Y, t). In fact, by composing with the 
inverse of the coboundary map 

r:HF;jY,t)^HF-jY,t), 

this gives a map 

n^'': HF-{Y,t) ^ HF;jY,t). 

Using a decomposition of W along such a three- manifold N (and using a Spin*^ struc- 
ture s over W whose restriction to is non-torsion) is analogous to the "admissible 
cuts" of [18]. Indeed, the comparison with the mixed invariants defined there is given 
by the following: 

Proposition 2.4. Suppose that W is a cobordism from Yi to Y2 with 62 (^) > 1? which 
is separated by a three-manifold N into a pair of cobordisms Wi Ujv Given any pair 
o/Spin'^ structures Si and S2 over Wi and W2 respectively whose restrictions to N agree 
and are non-torsion, we have: 

{se Spin= {W)\s\Wi=si,s\W2=S2} 



Proof. Since ci{s)\N is non-torsion, we can find an embedded surface F G N 
with {ci{s), [F]) ^ 0. Now, we can cut W in two along A'"' = Yi^{S^ x F), giving 
W — W{ Un' Now, by naturality of the exact sequences (relating HF~, HF°°, and 
HF'^) the usual composition laws, we see that 

FW2MW2 ° ^'n^ ° Fwi,s\wSO = X/ Fw^,s+v\Wi ° ° Fw{,s+r]\W{iO- 

rieSH^ (AT) 

Next, we find some embedded surface E C of positive square which disjoint from 

F, and let Q denote its tubular neighborhood. Then, Q4fY2 naturally gives a cut of W 
which we can arrange to be disjoint from the cut N' used above (by making the tubular 
neighborhoods sufficiently small). It then follows now easily from from the composition 
laws that 
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The equation follows by choosing k large enough that [/'^'^/^ annihilates all the mixed 
invariants ofW. □ 

2.4. The case where = 1. The construction of closed invariants defined in [18] 

works only in the case where the four-manifold has > 1. However, Proposition 2.4 

suggests a construction which can be used even when 62 ("^) — 1- Rather than setting 
up the general theory at present, we content ourselves with developing enough of it to 
allow us to establish Theorem 1.3 in the case where = 1. 

Definition 2.5. Let X be a closed, smooth four-manifold and choose a line L C H2{X; Q) 
with the property that each vector v G L has v ■ v — 0. Choose a cut X = Xi^j^X2 
for which the image of H2{N; Q) inside H2{X; Q) is L. Then, for each Spin'^ structure 
s e Spin'^(X) for which ci{s) evaluates non-trivially on L, we can define 

^w,,,L- Z[C/] ® A*(//i(X)/Tors) ^ Z/ ± 1 

to he the non-zero on only those homogeneous elements o/Z[[/]® A*(ifi(X)/Tors) whose 
degree is given by 

ci{sf-2x{X)-3sgn{X) 
4 

where x(X) denotes the Euler characteristic of X and sgn(X) denotes the signature 
of its intersection form. On those elements, the invariant is the coefficient of 0"^ e 
HF~^{S^,s) in the expression 

Here, ©"^ andQ~ are bottom- and top-dimensional generators ofHF'^{S^) and HF~ {S^) 
respectively. 

Proposition 2.6. The invariant ^w,s,l depends on the cut only through the choice of 
line L e H2{X;Q). 

Proof. An embedded surface F (Z X whose homology class is in the line L always 
gives rise to a cut as in Definition 2.5. Specifically, let F C X be a smoothly embedded, 
connected submanifold with [F] e L. Then, we decompose 

X = (X-nd(F))U5ixF(i^xD). 

Next, suppose that Fi and F2 are two embedded surfaces whose homology classes lie 
inside L. Then we claim that there is a third embedded surface F3 which is disjoint from 
both Fi and F2, and whose homology class also lies inside L. This is easily constructed 
by starting with some initial surface S, and then adding handles along canceling pairs 
of intersection points between S and Fi (and then S and F2). It follows now from the 
usual arguments that the invariant calculated by using the cut determined by Fi (or F2) 
agrees with the invariant calculated using the cut determined by F3; i.e. the invariant 
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using any such embedded surface is independent of the choice of homology class and 
surface. 

Finally, ii X = Wi Un W2 is an arbitrary cut as in Definition 2.5, then we can find 
an embedded surface F C X disjoint from N whose homology class lies in the line L. 
Indeed, letting Fq be any surface representing an clement of H2{N-^'L) with non-trivial 
image in H2{X;'Z), we let F be a surface obtained by pushing Fq out of A^, using 
some vector field normal to N inside X. Since F is disjoint from A^, again, the usual 
arguments show that the invariant calculated using the cut N agree with the invariants 
calculated using the cut determined by any embedded surface whose homology class lies 
in L. □ 
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3. The adjunction relation 

We prove here the following adjunction relation (for the Seiberg-Witten analogues, 
compare [7] when g — 0, and [19] when g > 0): 

Theorem 3.1. For each genus g there is an element^ e Z[C/] (8)z A*ifi(E) of degree 2g 
with the following significance. Given any smooth, oriented, four- dimensional cobordism 
W from Yi to Y2 (both of which are connected three-manifolds) , any smoothly- embedded 
connected, oriented submanifold G W of genus g, and any s G Spin'^(iy) satisfying 
the constraint that 

(2) (c,(5),[S])-[S]-[S] = -25(E), 
then we have the relation: 

(3) ^^,.(-) = ^^,.+.PD[E](^*(e(S))0-), 

where e is the sign of {ci{s),[T]) , andi^: Z[U]®j^K*Hi{T) — > Z[U]®zh*Hi{W) /Toys 
is the map induced by the inclusion i: E — > W. 

Before proceeding to the proof of Theorem 3.1, we make a few general observations. 
Note that if 



(ci(5),[E]) 



> 2^ - E • E, 



the above theorem always obtain relations of the form of Equation (3), which can be 
obtained by reversing the orientation of S and adding extra null-homologous handles if 
necessary, to achieve the hypotheses of Theorem 3.1. 

It is not important for our present purposes to identify the particular word 
However, it is easy to see that for a genus g surface, 

e(E) = (mod A*i/i(E)), 

by observing that surfaces and Spin'^ structures satisfying the hypotheses of Theorem 3.1 
can be found in a tubular neighborhood of a two-sphere of arbitrary negative self- 
intersection number, where all the maps on HF°° are non-trivial. Indeed, it is natural 
to expect from the analogy with Seiberg-Witten theory that ^ (E) is given by the formula: 

g 

i{T.) = Y[{U-A-Bi) 

i=l 

(compare [19]). 

With these remarks in place, we turn our attention to the proof of Theorem 3.1. 
One ingredient in this proof is the behavior of HF° under connected sums, as we recall 
presently. In Section 4 of [15] , we defined a product 

HF°{Y, t) ®z[C7] HF^\Z, u) HF°{Y#Z, t#u). 
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which, in the case where Z = S"^ is an isomorphism (indeed, it is the canonical iso- 
morphism obtained from the diffeomorphism Y^S^ with Y). This product is functorial 
under cobordisms (see Proposition 4.4 of [15]), in the sense that if is a cobordism from 
Zi to Z2 equipped with the Spin"^ structure s, then the following diagram commutes: 



7<0 



^(lO,l]xY)#W,t#u 



HF°{Y)®ziu]HF^°{Z,) HF°{Y#Z^,m,) 

(4) Id®F^ 

HF°(Y)®^u]HF^\Z2) i/F°(y#Z2,t#U2). 
In the above diagram, ([0, 1] x Y)^W denotes the boundary connected sum. 
Proof of Theorem 3.1. By the blowup formula, it suffices to consider the case where 

E • E = —n, 

where n > 2g. 

Now, let be a tubular neighborhood of an oriented two-manifold of genus g with 
self-intersection number —n < —2g, and let u denote the Spin'^ structure over N with 

(ci(u),[E]) = -n-2(7 

An easy application of the long exact sequence for integral surgeries, together with the 
adjunction inequality for three-manifolds (see Theorems 10.19 and 8.1 of [16] respec- 
tively), gives us that 

HF+{Z, u\Z) = Z[U-^] ® A*H\j:g). 

(Details are given in Lemma 9.17 of [15], where the absolute grading on HF°[Z,u\Z) 
is also calculated.) In particular, HF^^{Z,u\Z) = 0, and hence 

HF^%Z, u\Z) ^ Z[U] ® A*H\Eg). 

Indeed, since 

(cl(u-PD[E])^[A^])>(c,(V)^[A^]) 
for any s' G Spin^(A'") with s' y^u — PD[E] and s'\Z — u\Z, we have that the map 

FZ-m^vHF^'(S')^HF^\Z,u) 

takes a top-dimensional 853 of HF-^{S^) to a top-dimensional generator Qz of HF-^{Z, u 
Moreover, according to the dimension formula, the grading of ^^^(Bgs) is 2g less than 
the grading of this element so (since HF-^(Z,u\Z) is generated by as a module 
over the ring Z[U] ® A*Hi{Z)/Tots = Z[U] ® A*Hi{T,)) we can find an element ^(E) of 
degree 2g in the graded algebra ^(E) e Z[U] ®z A*i?i(E) with the property that 

^|u(e>53) = e(s)-F|°_Pi,p](©53). 
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Next, suppose that Yi is a three-manifold equipped with the Spin*^ structure ti, and 
Wi is the connected sum ([0, 1] x Yi) #A^, then the naturahty of the product map 
(Diagram (4)) shows that 



= ^m,u-PD[E](e(S)®C)- 

Finally, if 1^ is a cobordism as in the statement of the theorem, we can decompose 
it into a union of Wi (the connected sum of a collar neighborhood of Yi with a tubular 
neighborhood N of E) and its complement W2. Both Spin'^ structures s and s — PD[E] 
agree over W2, so the theorem follows from the above equation, together with the 
composition law for the cobordism invariant. □ 
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4. The invariant for the K3 surface 

In proving the non-vanishing theorem for symplectic four-manifolds in general, it 
is helpful to have one explicit example. The aim of the present subsection is such a 
calculation, for the K3 surface. Recall that the K3 surface is the simply-connected 
smooth four-manifold which can be given the structure of a compact algebraic surface 
whose canonical class is trivial - i.e. if k is the canonical Spin'^ structure coming from 
the almost-complex structure, then Ci{k) — 0. 

Proposition 4.1. The invariants for the K3 surface are given by: 

^ r 1 z/ci(s) = o 

\ otherwise. 

We model this calculation on a paper by Fintushel and Stern (see [8]) where they 
calculate a Donaldson invariant for K3 using Floer's exact triangle. In particular, they 
employ the following handle decomposition of K3. 

Following the notation of [8], let M{p,q,r} denote the three-manifold obtained by 
surgeries on the Borromean rings, with integer coefficients p, q and r. There is a 
cobordism X from the Poincare homology three-sphere E(2,3, 5) = M{ — 1, — 1, — 1} 
to itself with the opposite orientation, — E(2,3,5) = M{1, 1, 1}, composed of six two- 
handles apiece, which we break up as the following composition: 

M{-1, -1, -1} =^ M{-1, -1, 0} =^ M{-1, -1, 1} =^ 

M{-1, 0, 1} M{-1, 1,1}^ M{0, 1,1}^ M{1, 1, 1}. 

The two-handles are attached in the obvious manner: for example, to go from M{p, q, r} 
to M{p+ l,q,r}, we attach a two-handle along an unknot with framing —1 which links 
the first ring once. Let E denote the negative-definite manifold obtained as a plumbing 
of two-spheres according to the £^8 Dynkin diagram; then dE — M{— 1, —1, —1}. There 
is a decomposition of K3 as 

K3 ^ Ei^Xj^E. 

To obtain an admissible cut of the K3 as required in the definition of $ (c.f. Defini- 
tion 8.3 of [18]), we cut the surface along N — M{— 1, —1, 1}, to get the decomposition 
of K3-B^- as 

= (^S^ ^ M{-1, -1, -1} ^ M{-1, -1, 0} ^ -1, 1}) . 

and 

X2 = (m{-1, -1, 1} =^ M{-1, 0, 1} M{-1, 1, 1} =^ M{0, 1, 1} M{1, 1, 1} ^ S^^ . 

Our goal now is to determine the maps on Floer homology induced by these two- 
handle additions. Indeed, the Floer homology groups themselves, as absolutely graded 
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groups, were calculated in Section 8 of [15] . In particular, it is shown there that 

HF+(Mn 11}) = I ^ and A; > 2 

^ I ' ' // I Q otherwise, 

HF+(Mi0 11}) ^ ifk = l (mod 2) and A; > I 

^ I ' ' I Q otherwise, 

Z © Z if A; = 
HF^{M {-1,1,1}) ^ <( Z if A; is even and A; > 

otherwise, 

Z if A; = I (mod Z) and k > ^ 
HF+{M{-1,0,1}) ^ { ZeZ ifA; = -| 

otherwise. 

It is also shown there that the Z[U] action is surjective for the first two examples, while 
it has a one-dimensional cokernel for the second two. The groups HFiT for these three- 
manifolds can be immediately deduced by the long exact sequence relating HF~ and 
HF~^ (see [16]), and the groups for the remaining three- manifolds are determined by 
the duality of HF"^ under orientation reversal, and the observation that —M{p, q, r} = 
M{-p, -q, -r}. 

In the above statements, we are using the absolute gradings on the Floer homology 
groups for Y equipped with a torsion Spin"^ structure t defined in Section 7 of [18]. This 
absolute grading has the property that if 1^ is a cobordism from Yi to Y2, (endowed 
with a Spin'^ structure $ whose restrictions ti and t2 respectively are both torsion) , then 

Ci(5)^-2x(M^)-3sgn(iy) 

(5) gi[FwAO) - gnO = 1 

(c.f. Theorem 7.1 of [18]). 

Lemma 4.2. For the cobordism E — from to M{ — 1, —1, —1}, endowed with the 
Spin'^ structure obtained by restricting k, the generator in HFZ2{S^) is mapped to the 
generator HFq{T^{2, 3, 5)). 

Proof. For a negative-definite cobordism between integral homology spheres, the map 
induced on HF°° is always an isomorphism (see Proposition 10.4 of [15]). Prom the 
dimension formula (Equation (5)), it follows that the degree is raised by two. □ 

Lemma 4.3. For the cobordism W 

M{-1,-1,-1} ^ M{-1,-1,0} ^ M{-1,-1,1} 
( endowed with the Spin'^ structure obtained by restricting k ), the induced map 

Z^HF-{M{-l,-l,-l}) H FZi{M {-I, -1,1}) 
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is an isomorphism. Moreover, the if we equip W with any other Spin'^ structure, the 
induced map is trivial 

Proof. Let F denote the map given by the cobordism, and summing over all Spin"^ 
structures in 5if^(M{— 1, — 1, 0}). Dualizing (i.e. applying Theorem 3.5 of [18], and 
the graded version of the duality isomorphism, c.f. Proposition 7.11 of [18]), we get the 
following diagram: 

HFI^(M{-1,1,1}) HF° (M{1,1,1}) 

i/F+(M{-l,-l,l}) ^ i/F+2(M{-l,-l,-l}) 

From the calculations of the Floer homology groups restated above, we see that 

//F+i(M{-l, -1, 1}) ^ Z ^ //F+2(M{-1, -1, -1}). 

Indeed, an isomorphism is given by composing the maps in the surgery exact sequence 
(see the proof of Proposition 8.2 of [15]). But this composition is precisely F+. It 
follows that the map F_ (the map on cohomology) above is an isomorphism, and hence 
(since there is no torsion present), its dual, the map 

F-: HF^{M{~l,-l,-l}) ^ HFZAM{-IA,1}) 

induces an isomorphism (between two groups which are isomorphic to Z). 

The cobordism W has b2{W) = 2. Indeed, we can find an embedded torus Ti <zW 
which generates the image of H2{M{— 1,-1, Qi};'L) inside W, and another embedded 
torus T2 G W with square zero with Ti ■ T2 = 1. Applying the adjunction inequality for 
the cobordism invariant (Theorem 1.5 of [18]) to the embedded surface T2, it follows 
that the only Spin'^ structure 5 E k + 6H^{M{ — 1, —1, 0}) whose associated map F^,^ is 
non-trivial is the restriction of k itself. □ 

Proof of Proposition 4.1. According to Lemmas 4.2 and 4.3, generator of HFZ2{S^) 
is mapped to the generator of HFZi{M{ — l, —1, 1}) = Z. Now, of that generator 
is the generator of HF^^q{M{—1, —1, 1}) = Z. Investigating the four exact sequences 
connecting 

(M{-1,-1,1}, M{-1,0,1}, M{-l,oo,l} = S^), 

M{-l,oo,l}^5^ M{-1,0,1}, M{-1,1,1}), 
M{-1, 1, 1}, M{0, 1, 1}, M{oo, 1, 1} - S'), 

(M{oo, 1, 1} ^ ^^ M{0,1,1}, M{1,1,1}), 

we see that the map 

Z ^ i/F+d ,o(M{-l, -1, 1}) (M{1, 1, 1}) ^ Z 
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induced by summing the maps induced by all Spin*^ structures on the composite cobor- 
dism from X2 — is an isomorphism. In fact, by finding square zero tori which intersect 
the homology classes coming from H2{M{ — 1, 0, 1}; Z) and H2{M{0, 1, 1}; Z) in X2 — N 
and applying the adjunction inequality (as in the proof of Lemma 4.3), we see that the 
only Spin"^ structure which contributes to this sum is the one with trivial first Chern 
class. Finally, the map 

HF+2{M{1,1,1}) ^ HF+{S') 

is an isomorphism (for the given Spin*^ structure) once again, in view of the dimension 
formula and the fact that N — B"^ has negative-definite intersection form (Proposi- 
tion 10.4 of [15]). □ 
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5. The non-vanishing theorem for symplectic four- manifolds 

The aim of the present section is to prove Theorem 1.1. Via Donaldson's construc- 
tion of Lefschetz pencils, we will reduce this theorem to the following more manifestly 

topological variant: 

Theorem 5.1. Let n: X — > S*^ be a relatively minimal Lefschetz fibration over the 
sphere with 62 (^) > 1 whose generic fiber F has genus g > I. Then, for the canonical 
Spin'^ structure, we have that 

(ci(A:),[F]) = 2-2^ 
^x,k = ±1. 

Moreover, for any other Spin'^ structure 5 ^ k with ^x,s 0, we have that 

{c,{k),[F])=2-2g<{c,{s),[F]). 

One ingredient in the above proof is a related result for three-manifolds which fiber 
over the circle. To state it, recall that a three- manifold Y which admits a fibration 

TT-.Y >S^ 

has a canonical Spin'^ structure which is obtained as the (integrable) two-plane field, 
which is the kernel of the differential of tt. If F is a fiber of tt, then the evaluation 

{c^{i),[F])^2-2g. 

Theorem 5.2. Let Y be a three-manifold which fibers over the circle, with fiber genus 
g > 1, and let t be a Spin'^ structure over Y with 

(ci(t),[F])=2-2y. 

Then, for i, we have that 

HF+{Y,t)^0; 

while 

HF+{Y,i) = Z. 

Indeed, we also establish the following result, which bridges the above two theorems: 

Theorem 5.3. Let n: W — > D be a relatively minimal Lefschetz fibration over the 
disk with fiber genus g > I, and let Y — —dW. Then, there is a unique Spin'^ structure 
s over W for which 

{c^is),[F])^2-2g, 

and the induced map 

F+_^,_^: HF+{Y,s\Y) HF+{S') 
is non-trivial; and that is the canonical Spin'^ structure k. Indeed, the induced map 

HF-^(Y,k\Y) HF^(S') - Z 

is an isomorphism. 
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We prove the above three theorems, in reverse order. 

In fact, we prove several special cases of these theorems first. It will be convenient 
to fix some notation. Suppose that W is some four-manifold which admits a Lefschetz 
fibration tt (over some two-manifold possibly with boundary). Then we let 

&{W) = {se Spin^(l^)|(ci(t), [F]) = 2 2g}. 

(This is a slight abuse of notation: @{W) depends on the Lefschetz fibration tt, not just 
the four- manifold W.) Similarly, if F is a three-manifold which fibers over the circle, 
we let 

%{Y) = {t e Spin^(y)|(ci(t), [F]) = 2 - 2g}. 
We will also let HF'^{Y, %{Y)) denote the direct sum 

HF+{Y,Z{Y))= HF+{Y,i). 

te%(Y) 

Lemma 5.4. Let tt: W — > [1,2] x be a relatively minimal Lefschetz fibration with 
fiber genus g > I over the annulus, which connects a pair of three-manifolds Yi and Y2 
( which fiber over the circle ), then for some choice of signs, the map 

^F^,.- HF^{Y,,%{Y,)) HF+{Y,,%{Y,)) 

se6(w) 

induces an isomorphism. 

Proof. Note that whereas &{W) can easily by infinite; according to the finiteness 
properties for the maps associated to cobordisms (Theorem 3.3 of [18]) there are only 
finitely many s G &{W) for which F^^ is non-trivial. 

First assume that the Lefschetz fibration tt has a single node. In this case, W can be 
viewed as the cobordism obtained by attaching a single two-handle to y = Yi along a 
curve K in the fiber of tt, with framing —1 (with respect to framing K inherits from 
the fiber F G Y); in particular, Y2 = Y-i(K). Moreover, since the Lefschetz fibration 
is relatively minimal, the curve K is homotopically non-trivial as a curve in F. Now, if 
Yq{K) is the three-manifold obtained as zero-surgery along K then the cobordism from 
Y to Yq also maps to the circle (by a map ttq which is no longer a fibration, but which 
extends the map tt from Y to S^). Clearly, if s is any Spin*^ structure which extends over 
Wq, the restriction of Ci(s) to a generic fiber of ttq : Yq{K) — > is also 2 — 2g. However, 
since K is homotopically non-trivial, the Thurston norm of the homology class of this 
fiber in Yq{K) is smaller than 2 — 2g, so the adjunction inequality for (Theorem 8.1 
of [16]) ensures that HF'^{Yo,s\Yo) — 0. Thus, the lemma follows immediately from the 
surgery long exact sequence for i7F+ (see Theorem 10.12 of [16]): 

... HF+{Y,%{Y)) HF^{Y_^{K),%{Y_^{K))) HF+{Yo{K),%{Yo)) = 
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In the above sequence, '^{Yo) denotes those Spin*^ structures whose evaluation on the 
homology class of a fiber of ttq (which is no longer a fibration) is given by 2 — 2g, where 
now g still denotes the genus of the fibration for Y. 

The case of multiple nodes follows immediately by the composition law. □ 

Lemma 5.5. Ifw.Y — > is a surface bundle over , with fiber genus g > 1, then 
there is a unique Spin'^ structure t e with HF~^{Y, t) ^ 0. In fact, 

HF+{Y, t) ^ Z. 

Proof. Note that the mapping class group is generated as a monoid by (right-handed) 
Dehn twists. This is equivalent to the claim that if pi : Yi — > and p2 : Y2 — > any 
two fibrations over the circle whose fiber has the same genus, then we can extend the 
two fibrations to form a relatively Lefschetz fibration over the annulus. It follows from 
Lemma 5.4 that for a genus g fibration over the circle HF~^(Y, %{Y)) is independent of 
the monodromy map, and depends only on the genus g. 

Thus, for each g > 1, it suflices to find some fibered three- manifold for which the 
lemma is known to be true. For this purpose, let Y — Y{g) be the zero-surgery on the 
torus knot K of type (2, 2g + 1). This is a fibered three-manifold whose fiber has genus 
g. Writing the symmetrized Alexander polynomial of K as 

g d 

Ak{T) = -J2 = «o + 5^ a,(r + T-) 

i=-g i=l 

it is shown in Proposition 8.1 of [15] that if t is a Spin'^ structure over Y with 

(ci(t),[F]) = 2^^0, 

then HF^{Y, t) is a free Abelian group of rank 

00 

In particular, when (ci(t), [F]) = 2 - 2g, it follows immediately that HF+{Y, t) ^ Z. □ 

Lemma 5.6. Let F be an oriented surface of genus g > 0, and consider the cobordism 
W from to F X obtained by puncturing the product F x in a single point. Let 
k denote the Spin'^ structure over W with {ci{k), [F]) = 2 — 2g. Then, the induced map 

F+y. HF+{F xS\i)^ HF+{S') - Z 

is an isom,orphism, as is the induced map 

(1 - U^-^)F^i^: Z ^ HFZ^{S^) — > HF-^{F xS\£)^Zc HF-{F x S\£). 
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Proof. To see the claim about F^i^, it suffices to embed the cobordism (W. k) into a 
closed four-manifold {X.s) with > 1, so that s\W = k and <l>x,s = ±1- To see 

why this suffices, observe that U-HF+{FxS^, I) = 0, so F+^^ must take H F+ {F x , i) 
into HFq{S^) = Z. In general, the image of such a map consists of multiples of some 
integer d. Now, take an admissible cut oiX — Xi^nX2 which is disjoint from F, and so 
that F C X2 (such a cut is found by taking any embedded surface S of positive square 
which is disjoint from F). It then follows that for each Spin'^ structure 5 € Spin'^(X) 
which restricts to W as k, the sum of invariants 

*x,fi+PD[E] 

is divisible by d. In fact, it is a straightforward consequence of the dimension formula 
that the part of this sum which is homogeneous of degree zero is the invariant $x,s, and 
this, in turn, forces d = ±1, so that the claimed map is an isomorphism. 

Now, such four-manifolds can be found for all possible genera g in the blow-ups of 
the K3 surface, in light of the blow-up formula and the K3 calculation. Specifically, 
for each genus g, we can find an embedded surface E C K3 with E • E = 2gf — 2, for 
instance, by taking a single section of an elliptic fibration of K3, which is a sphere 
of self-intersection number —2, and attaching g copies of the fiber. In the 2g — 2-fold 
blow-up, S has a proper transform S with E ■ E = 0. Consider the Spin'^ structure s 
with ci(s) = -PD[Fi] - ... - F'D[E2g-2], so that (ci(5), [E]) = 2 - 2g; i.e. the tubular 
neighborhood of E is 1^, and 5 is an extension of k. According to Proposition 4.1 and 
the blowup formula (Theorem 2.4 of [18]), = ±1. 

The statement about HF~ follows similarly, by choosing the cut for X so that the 
surface F lies in Xi. □ 

Lemma 5.7. Let tt: W — > D be a Lefschetz fibration over the disk, whose singular 
fibers are all non-separating nodes. Then, tt : W — > D can be embedded in a Lefschetz 
fibration V over a larger disk with the property that the canonical Spin'^ structure k is 
the only Spin'^ structure in s & &{V) for which 

F+y. HF+{dV,%{dV)) — > HF+{S^) ^ Z 
is non-trivial; and indeed, Fyf, is an isomorphism. 

Proof. We claim that any Lefschetz fibration over the disk with non-separating fibers 

can be embedded into a Lefschetz fibration over the disk with nodes corresponding 
to (isotopic translates) of the standard curves {ti, ...,Tm} described in Theorem 2.2. 
This is constructed as follows. Suppose that W is described by monodromies which 
are Dehn twists around curves (Ci,...,C„). Then, we can find automorphisms of F, 
so that 0i(Ti) = Ci. We then express each 0j = D(t^. J • ... • D{Trrm.)- 
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let V be the Lefschetz fibration over the disk with monodromies obtained by juxta- 
posing I, ■■■,Tm, ,Ti for i = l,...,n, union as many as it takes to span all of 
ifi(S;Z). By performing Hurwitz moves, we obtain a subfibration with monodromies 
(01 (ti), 0„(ri)); i.e. we have embedded W in V. 

Next, we argue that V has the required form. According to Lemmas 5.5, 5.6, and 
5.4, we see that 

J2 K-B^.-- HF+(dV, t) ^ Z ^ HF+,(S') 
se&{v) 

is an isomorphism. We claim that k is the only Spin"^ structure in the sum with non-zero 
contribution. 

Note that Hi{V;Z) is the quotient of Z^^ by the homology homology classes of the 
vanishing cycles for V, so we have arranged that Hi{V; Z) = 0; in particular, i?^(V^; Z) 
has no torsion. It follows that the Spin*^ structure k is uniquely determined by the 
evaluation of its first Chern class on the various two-dimensional homology classes in 
V. Moreover, if we choose the translates of the various carefully, so that parallel 
copies of the same remain disjoint, then we can find a basis for H2{V; Z) consisting 
of [F] and surfaces P obtained by "capping off" submanifolds-with-boundary P C F 
whose boundaries consist of copies of the vanishing cycles. Suppose, next, that Pi is 
induced from a relation Pi in F with this form, and let m denote the number of its 
boundary components. Then, the relation F — Pi = P2 also has this form (and has 
the same number of boundary components), and its closed extension P2 satisfies the 
following elementary properties (see Lemma 2.1): 

[F] = [Pi] + [P2], 

g{F) = g{P^)+g{P2)+m-l, 

m = -[Pir = -[Pir = [Pi] ■ [P2] 

Now suppose that s G &{V) is a Spin'^ structure for which F^^ is non-trivial. Then, 
the above equations, and the condition that (ci(s), [F]) = 2 — 2g say that 

((ci(B), [Pi]) - [Pi] ■ [Pi]) + ((ci(5), [P2]) - [P2] ■ [P2]) = (2 - 2g{Pi)) + (2 - 2g{P2)) . 
Now, either 

{ci{s),[Pi])-[Pi]-[Pi]-2-2g{[Pi]), 
in which case (according to Lemma 2.1), 

(6) {ci{B),[Pi]) = {ci{k),[Pi]), 

or, after possibly switching the roles of Pi and P2, we have that 



(7) 



{ci{B),[Pi])-[Pi]-[Pi]<-2g{[Pi]). 
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Inequality (7) is ruled out by the adjunction relation, Theorem 3.1, as follows. By 
adding trivial two-handles to Pi if necessary, we obtain an embedded surface with 
{ci{s), [E]) = —2g + S • S. There are two cases, according to whether g(T,) = or 
g{Jl) > 0. In the latter case, the adjunction relation gives some word ^(S) of degree 
2g{'£) > in A(E) with the property that 

Observe that homology classes in E are all homologous to classes in the fiber F in dV, 

so the action by ^(E) appearing above can be interpreted as the action by an element 
of positive degree in Z[U] ®z A*(_f/'i(F)/Tors) on HF^{dVJ.). But all such elements 
annihillate HF~^{dV,i) (since it is supported in a single dimension). Thus, the only 
remaining possibility is that 5'(E) = 0, in which case no handles were added to Pi. 
In thise case, the adjunction relation ensures that the Spin*^ structure s — PD[Pi] has 
non-trivial invariant, while 

(C1(S),[P2])-[P2]-[P2]=4-2^(P2). 

But then, 

(ci(s - PD[Pi]), [P2]) - [P2] • [P2] = 4 - 2g{P2) - 2m. 
Next, observe that m > 1, since the vanishing cycles for V are all homotopically non- 
trivial. Moreover, if m = 2, then 5'(P2) = g{F). Thus, using P2 in place of Pi, and 
S — PD[Pi] in place of s, we obtain the same contradiction as before. 

The contradiction to Inequality (7) leads to the conclusion that Equation (6) holds 
for all choices of Pi. But these surfaces, together with [P], generate the homology of 
V. Thus, we have shown that s — k, as claimed. □ 

Proof of Theorem 5.2. According to Lemma 5.5, there is a unique t G T(y) with 
i7P+(F, t) ^ 0, and for t, we have that ifP+(F,t) ^ Z. It remains to identify t 
with the canonical Spin*^ structure. As in the proof of the lemma, we constructed a 
Lefschctz fibration over the annulus which connects Y with 5^ x E. By attaching D xJ] 
to the S*^ X E boundary component, we obtain a Lefschetz fibration W over the disk. 
Indeed, since the mapping class group is generated by Dehn twists along non-separating 
curves, we can choose W so that Lemma 5.7 applies to 1^. In particular, in this case, 
the canonical Spin'^ structure k in &{W) induces a non-trivial map F^^. The result 
follows, since k\Y — £. □ 

Lemma 5.8. Let W be a relatively minimal Lefschetz fibration over the annulus, all of 
whose nodes are separating. Then, the only Spin'^ structure s G &{W) for which the 
map 

P+3: HF+{Yi,3\Yi) = Z HF+{Y2,s\Y2) = Z 

is non-trivial is the canonical Spiif structure. And for that Spin'^ structure, the induced 
map is an isomorphism. 
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Proof. According to Lemmas 5.5, 5.6, and 5.4, we see that 

Yl ^w,,- Yl HF+{Y, i) — > Y HF+{S^ X F, t) ^ HF+{S^ xF,e)^Z 
se&{w) te'r(y) ti&%{s^xF) 

is an isomorphism. 

Now, observe that 1^ is a cobordism which is obtained by attaching a sequence of 

two-handles along null-homologous curves. Thus, a Spin^ structure over W is uniquely 
characterized by its restriction to one of its boundary components, and its evaluations 
on the two-dimensional homology classes introduced by the two-handles. According 
to Theorem 5.2, the restriction to the boundary must agree with the canonical Spin'^ 
structure. Each node has, as fiber, a union of two surfaces meeting at a point: i.e. we 
obtain a pair of embedded surfaces g{Pi) + g[P2) = g{F) and = P2 = — 1. Moreover, 
since the fibration is assumed to be relatively minimal, g{Pi) > and g{P2) > 0. Thus, 
applying the adjunction relation as in the proof of Lemma 5.7, we see that 

{c,{B),[P,])^{c^{k),[P,]). 

It is easy to see that the homology classes of the form [Pi] (one for each node) generate 
H2{W; Z) /H2{Y; Z). Thus, it follows that s ^ k. □ 

Proof of Theorem 5.3. Let tt: X — * D be the Lefschetz fibration. By combining 
Lemma 5.4, Lemma 5.5, and Lemma 5.6, we see that the map 

E ^ HF^{Y,i) ^ HF,^{S') 

se&{x) te%{Y) 

induces an isomorphism. 

We can find a subdisk Dq C D which contains all the fibers with non-separating 
nodes. Let Xq G X denote its preimage. According to Lemmas 5.4, 5.5, and 5.6, there 
must be at least one Spin^ structure s G &{X) for which the map 

F+^: HF+{Y,s\Y) = Z — > HF+{S^) 

is non-trivial. According to Lemma 5.7. its restriction 3\Xq is the canonical Spin"^ 
structure; according to Lemma 5.8, its restriction s\X — Xq is also the canonical Spin'^ 
structure. Now, the map H^{X — Xq) — > H^iY', Z) is an isomorphism, since X — Xq is 
obtained from Y x [0, 1] by attaching two-handles along null-homologous curves. Thus, 
the only Spin^ structure whose restrictions to both X — Xq and Xq agree with k is the 
canonical Spin"^ structure k itself. □ 

Proof of Theorem 5.1. We decompose X — Xi^s^xT,g^2 where Xi is the pre- image 
of a disk in the Lefschetz fibration which contains no singular points (in particular. 
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Xi — D X F). According to Proposition 2.4, 



{seSpin'=(W)\s\Wi=si,s\W2=S2} 



mix 
W,s- 



Now, by Lemma 5.6, 

n-<^ o F^^^^^ : Z = HF=,{S') HF^US' x E,) - Z 
is an isomorphism. Similarly, according to Theorem 5.3, 

F^2,.2 ■■ HF;JS' X E,) - Z ^ HF,^{S') - z 
is an isomorphism. Thus, we conclude that 

1 = ±^^,^+^- 

Observe, however, that 5i7^(E x 5"^) is one-dimensional; in fact, the Spin'^ structures in 
the 5H^{T, X 5'^)-orbit are of the form A;-|-ZPD[F]. By the dimension formula, the only 
such Spin'^ structure which has degree zero is k (using the adjunction formula and the 
fact that the fiber genus g > I). If /c > wc sec that -Fi^|g_fcPD[F] 'z-eio. If F^^^_^kPi)[F] 
were non-zero, the expression F-^^ o nj^^ o F^^^^^{U) would have to be non-zero. But 
this is impossible, since U annihilates HFj^^{S^ x Eg,£). 

Finally, we observe that the usual adjunction inequality for surfaces with square zero 
(Theorem 1.5 of [18]) ensures that if 

{c,{k),[F]) = 2-2g>{c^is),[F]), 

then ^x,s = 0- □ 

Proof of Theorem 1.1. First, observe that the conditions on uj in Theorem 1.1 are 
all open conditions, so it suffices to prove the theorem in the case where cu has rational 
periods. According to Donaldson's theorem, any sufficiently large multiple Nu gives 
rise to a Lefschetz pencil. Specifically, if we blow up X sufficiently many times, we get 
a new symplectic manifold {X,u) with the property that 

m 

1=1 

is Poincare dual to the fiber of a Lefschetz fibration over S"^. Here, are the 

exceptional spheres in X. In particular, for any Spin'^ structure $ e Spin'^(X), we have 

that 

(8) {c^{s),[F])^{c,{s),Nu;)-m. 
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Clearly, the canonical Spin^ structure of {X, Q) is the blow-up of the canonical Spin"^ 
structure of {X,uj), so according to the blow-up formula for follows that $x/ = ±1 
if and only if ^xe~ latter equation follows, according to Theorem 5.1. 

For suitable choice of we can arrange for the Lefschetz fibration to be relatively 
minimal, see [21] and [1]. In this case, if s e Spin'^(X) is any structure with 7^ 0, 
then its blowup 5 satisfies ^- Thus, the inequality stated in this theorem is 

equivalent to the corresponding inequality from Theorem 5.1, in view of Equation (8). 

□ 
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6. The genus-minimizing properties of symplectic submanifolds 

In the case where > 1, Theorem 1.3 is now an easy consequence of Theorem 3.1 

and Theorem 1.1. For this imphcation, we follow [19] 

Proof of Theorem 1.3 when > 1. If the theorem were false, we could find a 

symplectic manifold {X,uj) and a pair S, S' C X of homologous, smoothly-embedded 
submanifolds, with S symplectic, and < 5'(S). By blowing up X and taking the 

proper transform of E as necessary, we can assume that (ci(/c), [E]) < 0. By attaching 
handles to E' as necessary, we can arrange for 5'(E') = 5'(E) — 1. Then, the adjunction 
formula for E gives us that 

(ci(^),[E'])-[E'].[E'] = -2^(E0. 

Theorem 1.1 says that ^x,k is non-trivial, so according to Theorem 3.1, $x,fe-PD[i;'] is 
non-trivial, as well. But since 

{cu,ciik - PD[E'])) = (a;,ci(A;)) - 2(a;, [E]) < {u;,c,{k)), 

we obtain the desired contradiction to Theorem 1.1. □ 

For the case where = 1, we appeal directly to the analogue of Theorem 5.1. 

Specifically, recall that ii tt: X — is a Lefschetz fibration with genus g > I, then 
(ci(fc), [F]) = 2 — 2g ^ so we have an invariant ^x,s,l in the sense of Subsection 2.4, 
where L is the line containing F in H^{X; Q). The proof of Theorem 5.1 gives: 

Theorem 6.1. Let tt: X — > be a relatively minimal Lefschetz fibration over the 
sphere with = 1 whose generic fiber F has genus g > 1. Then, for the canonical 

Spin'^ structure, we have that 

{c,{k),[F]) ^ 2-2g 

where L denotes the line in H'^{X;Q) containing [F]. Moreover, for any other Spin'^ 
structure s ^ k with ^x,s,l 0, we have that 

(9) {c,{k),[F])^2-2g<{c^{s),[F]). 

Proof of Theorem 1.3 when fc^(X) = 1. Once again, if the theorem were false, 
we would be able to find homologous surfaces E and E' in {X,uj) with E symplectic 
and 5'(E') = g{T,) — 1. We claim that for sufficiently large N, we can find a relatively 
minimal Lefschetz fibration on some blowup X whose fiber F satisfies F • E = 0, where 
E is some suitable proper transform of E. Specifically, if u; • E = c (which we can assume 
is an integer), then provided that Ncu'^ > c, we can let E represent the homology class 

[E] = [E] - m - ... - [E^,] 
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inside the Lefschetz fibration obtained by blowing up the Lefschetz pencil for Nuj. The 
homology class of the fiber here is given by 

[F] = N[uj]-[E^]- ...-[EmI 

where M = N'^uo'^. Of course, Theorem 6.1 ensures that $x,fc,L ^ 0. We can then find 
a new embedded surface F' representing F, but which is disjoint from S', and cut X 
along F' X into two pieces, one of which is a tubular neighborhood of F' . For this 
cut. Theorem 3.1 shows that $x,ifc±PD[E],L is also non-trivial. But since 

(ci(fc±PD[E]),[F]) = (ci(fc),[F]), 

this violates Inequality (9). □ 
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7. A CLASS OF THREE-MANIFOLDS WITH HF^^{Y) = 

We now prove the following: 

Theorem 7.1. Let Y be a three-manifold which can be obtained as a plumbing of 
spheres specified by a weighted graph {G, m) which satisfies the following conditions: 

• G is a disjoint union of trees 

• at each vertex in G, we have that 

(10) m{v) > d{v). 

Then, HF^JY) = 0. 

Note that any lens space can be expressed as a plumbing of two-spheres along a graph 
(G, m) satisfying the above hypotheses. (Indeed, the graph is linear: it is connected, 
each vertex has degree at most two, and multiplicity at least two.) 

Any Seifert fibered space Y with bi (Y) < 1 and which is not a lens space is obtained 
as a plumbing along a star-like graph: the graph is connected, has a unique vertex 
(the "central node") with degree n > 2, and all other vertices have degree at most two 
and multiplicity at least two. The degree of the central node agrees with the number 
of "singular fibers" of the Seifert fibration, and its multiplicity b is one of the Seifert 
invariants of the fibration. Thus, a Seifert fibration satisfies the hypotheses of the above 
theorem when b >n. 

Reiiicirk 7.2. An easy inductive argument similar to the proof given below also gives 
the relative grading. Suppose that (G, m) is a weighted graph satisfying the hypotheses 
of Theorem 7.1, with the additional hypothesis that Y = —Y{G,m) is a rational homol- 
ogy three-sphere ( this in turn is equivalent to the hypothesis that each component of G 
contains at least one vertex for which Inequality (10) is strict), and let W{G,m) be the 
four-manifold obtained by plumbing two-sphere bundles according to a weighted graph 
{G,m), and let W = —W{G,m) be the plumbing with negative-definite intersection 
form. Then for each t G Spin'^(F), letting ^{t) denote the set of characteristic vectors 
K e H^{W] Z) for which K\Y = ci(t), we have that 

(11 d{Y,\)^ min 

^ ' K(^m 4 

where \G\ = ik{H2{W)) denotes the number of vertices in G. Indeed, Equation (11) 
remains true even in the case where the graph has a single vertex where Inequality (10) 
fails, which includes all Seifert fibered rational homology three- spheres. We return to 
these topics, and the more general issue of determining HF^ for trees with arbitrary 
weights, in a future paper [20] . 



Proof. In view of the Kiinneth decomposition for connected sums, see Theorem 12.1 
of [16] , it suffices to consider the case where G is a connected graph. 
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We will prove inductively that if there is some vertex v in G where m{v) > d{v), then 
y is a rational homology sphere and HF(Y) has rank given by the number of elements 
in Hi{Y;Z). (Observe that if this is not the case, and equality holds everywhere, then 
it is easy to see by repeated blow-downs that the three- manifold in question is S'^ x S^, 
and it is easy to see that HF^'^iS^ x S^) = 0, c.f. [16].) 

Next, we induct on the number of vertices. Clearly, if the number of vertices is 
one, the three-manifold in question is a lens space; for lens spaces, the conclusion of 
the theorem follows easily from the genus one Heegaard diagram (c.f. Proposition 8.1 
of [17]). 

For the inductive step on the number of vertices, we use induction on m[v) where v 
is some leaf (vertex with d{v) = 1). Suppose that m{v) = 1. In this case, it is easy to 
see that —Y{G) = —Y{G'), where G' is the weighted tree obtained from G by deleting 
the leaf v, and decreasing the weight of the neighbor of v (thought of as a vertex in G') 
by one. Observe that G' also satisfies the hypothesis of the theorem. Thus, the case 
where m{v) = 1 follows from the inductive hypothesis on the number of vertices. More 
generally, suppose that Gi is a weighted graph, and we have a leaf v with m(t') = k. In 
this case, we can form two other weighted graphs G2 and G3, where G2 is obtained from 
Gi by deleting the leaf v, and Gs which is obtained from Gi by increasing the weight 
of V by one. We have then the following long exact sequence (Theorem 10.12 of [16]): 

... > HF{-Y{G2)) > HF{-Y{G^)) > HF{-Y{G^)) > ... 

By the inductive hypothesis, we know the theorem is true for the weighted graphs Gi 

and G2- Now cobordisms from — 1^(6*2) to —Y{G^) and from —Y{G^) and —Y{Gi) 
(which induce two of the maps in the above long exact sequence) are clearly negative- 
definite. So it follows that —Y{G^) is a rational homology sphere, with 

\H,{Y{G^)-'L)\ = \H,{Y{G,)-Z)\ + \Hi{Y{G2)-M- 
Moreover, by the induction hypothesis, HF{—Y{Gi) and HF{—Y{G2)) have no odd- 
dimensional generators. Since the map from HF[—Y{Gi)) to HF[—Y{G2)) changes the 
Z/2Z grading, it follows that this map is zero, so that the above long exact sequence is 
actually a short exact sequences. This imphes that HF{Y{G'i)) is a free Abehan group 
with rank 

rkHF{Y{G^)) = YkHF{Y{Gi))+YkHF{Y{G2)). 

The induction hypothesis is equivalent to the statement that for i = 1,2, HF(Y{Gi)) 
are free and TkHF{Y{Gi)) — |i7i(y(Gj); Z)|, which in turn gives the corresponding 
equation for the graph G3. □ 

Proof of Theorem 1.4. According to the definition of if X is a smooth four- 
manifold which can be separated along a rational homology three-sphere Y into 

X — Xi Uy X2 
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SO that 6^(Xj) > 0, then Y constitutes an admissible cut for the definition of $. If 
HF^^{Y) = 0, then the invariant $ must vanish identically. Thus, in this case, the 
existence of such a decomposition along a graph manifold satisfying the hypotheses of 
Theorem 7.1 gives a vanishing result which is inconsistent with Theorem 1.1. 

In the case where Y is not a rational homology three-sphere, it is formed as a con- 
nected sum of a rational homology three-sphere (as in Theorem 7.1) with a collected of 
copies S"^ X S^. It follows from the behaviour of Floer homology under connected sums 
(c.f. [16]) that HF ^^^jY, M) — for any choice of twisted coefficient system M over Y, 
so we again get a vanishing result for $ for any smooth four-manifold which admits the 
hypothesized decomposition along Y . □ 
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